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Abstract
It is known that the critical transmitting range for connectivity in stationary packet radio networks
is r=c
q
log n
n
, for some constant c>0, under the assumption that n nodes are uniformly distributed
in R = [0; 1]
2
. In this note, we investigate how mobility aects this asymptotic result. We consider
the well known random waypoint mobility model, whose asymptotic node spatial distribution has
been recently derived. We prove that as long as the spatial distribution has a uniform component,
the mobile critical transmitting range diers from the stationary one at most by a constant factor.
On the contrary, when the uniform component is null there is an asymptotic gap between the mobile
and stationary case, i.e. r c
q
log n
n
for any constant c> 0. Hence, the asymptotic behavior of the
mobile critical transmitting range depends on the choice of the mobility parameters.
1 Introduction
Probabilistic modeling of connectivity in packet radio networks has been matter of extensive research in
these last years. A packet radio network is usually modeled by the following simplistic model:
a1. nodes in the network lie in a bounded two-dimensional region R of area A;
a2. nodes are randomly and \homogeneously" distributed in R;
a3. each node is able to communicate with any other node that is at distance at most r from it;
a4. r
2
 A.
The connectivity problem is as follows: given a node placement, the communication graph of the
network is generated according to assumption a3, i.e. adding an (undirected) edge between any pair of
nodes that are at distance at most r from each other. The goal is to identify the minimal value of the
transmitting range r under which the communication graph is connected with high probability
1
. This
problem is of fundamental importance in packet radio networks, in which one common requirement is
that the network be connected, while the transmitting range should be as small as possible (thus reducing
energy consumption and increasing spatial reuse).
A number of results have been recently obtained for the case of uniformly distributed points. In [7], R
is the disk of unit area. The authors show that if we set the units' transmitting range to r=
q
logn+c(n)
n
,
where n is the number of deployed nodes, then the resulting network is connected with high probability
(i.e., with probability 1 as n grows to innity) if and only if c(n)!+1. The value of r which ensures
connectivity with high probability is called the critical transmitting range. In [10], the authors obtain a
similar expression for the critical transmitting range when nodes are distributed in the unit square [0; 1]
2
,
which is shown to be r=c
q
logn
n
, for some constant c > 0.
1
In this setting, assumption a4 is necessary to avoid the trivial case in which a node covers all (or at least a signicant
partion of) R.
1
The results above assume that the deployment region R is xed, and investigate the asymptotic
behavior of r as n grows to innity, i.e. for increasing node density. This means that the results of [7, 10]
in principle can be used only for very dense packet radio networks. On the other hand, it is known that real
wireless networks cannot be too dense, due to the problem of spatial reuse: when a node is transmitting,
all the nodes within its transmitting range must be silent, in order not to corrupt the transmission. If the
node density is very high, many nodes must remain silent when a node is transmitting, and the overall
network capacity is compromised [8].
In order to circumvent this problem, we can let the area A of the deployment region be a further
parameter, and characterize the critical transmitting range as A!+1. The critical coverage range,
which is closely related to the critical transmitting range, has been investigated in [15] for the case of
nodes distributed in a square of side l (i.e., A = l
2
) according to a Poisson process of xed density.
The critical transmitting range for Poisson distributed points in a line of length l is derived in [16].
Necessary and suÆcient conditions for asymptotic connectivity when the nodes are uniformly distributed
in a d-dimensional cube of side l, with d = 1; 2; 3, have been obtained in [3, 18, 19].
Although interesting, the results above are valid only for stationary wireless networks. As mobility
is a peculiar feature of packet radio networks, and of ad hoc networks in particular, we believe that the
analysis of the critical transmitting range in presence of mobility be of fundamental importance. In this
note, we provide an analytical characterization of the critical transmitting range under the hypothesis
that nodes move according to the well known random waypoint model [9]. To the best of our knowledge,
this is the rst theoretical result concerning connectivity in presence of mobility, as previous analyses
[17, 19] were based only on simulation.
The rest of this paper is organized as follows. In Section 2, we introduce some results taken from the
theory of geometric random graphs, which we use in the following of the paper. Then, we briey describe
the random waypoint mobility model and its asymptotic node spatial distribution, which has been recently
derived [2]. Finally, we introduce our result, which is qualitatively conrmed by the simulation results
presented in Section 4.
2 Geometric random graphs
While it is known that traditional random graph theory is not adequate to model packet radio networks
due to the strong correlations between edge occurrence [6], the theory of geometric random graphs (GRG)
is fully coherent with our simplistic model of packet radio networks.
In the theory of GRG, a set of points is distributed according to some density in a d-dimensional
region, and some property of the resulting node placement is investigated. For example, the longest
nearest neighbor link, the longest edge of the Euclidean Minimum Spanning Tree (MST), and the total
cost of the MST have been investigated. For a survey of GRG, the reader is referred to [5].
Some of these results can be applied in the study of packet radio networks connectivity. For example,
consider a set S of points distributed in the deployment region R. It is known [13] that the longest edge
of the MST built on S equals the critical transmitting range. Hence, results concerning the asymptotic
distribution of the longest MST edge [12, 13] can be used to characterize the critical transmitting range,
as it has been done by the authors in [10].
Another notable result of the theory of GRG is that, under the assumption of uniformly distributed
points, the longest nearest neighbor link and the longest MST edge have the same value (asymptotically).
In terms of the resulting communication graph, this means that connectivity occurs (asymptotically) when
the last isolated node disappears from the graph. This observation can be generalized to the case of k-
connectivity: when the minimum node degree becomes k, the graph becomes k-connected [14]. This
result, which has been used in [1] to study the k-connectivity of ad hoc networks, reveals an interesting
analogy with non-geometric random graphs, which display the same behavior.
In the next section, we will use the following result of Penrose [12], which characterizes the distribution
of the longest MST edge for points distributed according to an arbitrary density with connected and
compact support
2
:
2
We recall that the support of a distribution is the set of points in which it has non-zero value.
2
Theorem 1. Let X
1
,X
2
,X
3
: : : be independent random points in R
d
, with d  2, and assume that the
points are distributed according to a common density f , having connected and compact support 
 with
smooth boundary @
. Further, assume that the discontinuity set of the restriction of f to 
 is Lebesgue
null and contains no element of @
 (i.e., f is continuous on the boundary). Let M
n
denote the length of
the longest MST edge built on the rst n points. Then:
lim
n!1
n (M
n
)
d
logn
= max

1
min


f
; 2

1 
1
d

1
min
@

f

;
almost surely, where  denotes the volume of the unit ball in R
d
.
We recall that the boundary @
 is smooth if and only if it is twice dierentiable (technically, if it is
in C
2
).
Theorem 1 holds in the hypothesis that min


f > 0. However, the author states that, given the
similarities with the result about the largest nearest neighbor link of [11], the theorem holds also when
min


f=0 (up to details which are not written in the paper). In this case, the value of the limit must be
intended as +1.
In words, Theorem 1 states that the asymptotic behavior of the longest MST edge (and, consequently,
of the critical transmitting range) depends only on the minimum value of the density on 
 and on its
boundary @
.
3 The critical transmitting range of mobile networks
In order to determine the critical transmitting range of mobile packet radio networks we need a formal
characterization of the resulting node spatial density, which clearly depends on the mobility model. It
is known that a Brownian-like motion generates a spatial distribution which is very close to uniform [4].
Hence, the analysis of Browian-like motion is of little interest, since the critical transmitting range is
the same as in the stationary case. On the other hand, other mobility models, such as the well known
random waypoint model [9], generate a non-uniform spatial distribution. In this case, characterizing the
critical transmitting range for connectivity is not trivial. In the following, we analyze this critical range
under the hypothesis that nodes move according to the random waypoint model.
In the random waypoint model, which is commonly used in the simulation of ad hoc network protocols,
nodes are initially uniformly distributed in the deployment region R. Then, every node chooses uniformly
at random a destination in R, and moves towards it along a straight line, with a velocity chosen uniformly
at random in the interval [v
min
; v
max
]. When it reaches the destination, it remains stationary for a
predened pause time t
pause
, and then it starts moving again according to the same rule.
The formula of the node spatial density resulting from this mobility model when R is the unit square
(i.e., R = [0; 1]
2
) has been recently derived [2]. Indeed, the authors consider a generalized version of
the random waypoint model, in which nodes are allowed to remain stationary during the entire network
operational time with a given probability p
stat
. The density is the following:
Theorem 2. The asymptotic spatial density function of a node moving in R = [0; 1]
2
according to the
random waypoint model of parameters p
stat
, t
pause
and v
min
= v
max
= v, is
f
RW
(x; y) =

p
stat
+ (1  p
stat
)p+ (1  p
stat
)(1  p)f
M
(x; y) if(x; y) 2 [0; 1]
2
0 otherwise
;
where p =
t
pause
t
pause
+
0:521405
v
and
f
M
(x; y) =

0 if (x = 0) or (y = 0)
f
R
(x; y) otherwise
:
3
The expression of f
R
(x; y) is the following:
f
R
(x; y) =
6y +
3
4
(1  2x+ 2x
2
)

y
y   1
+
y
2
(x  1)x

+
3
2

(2x  1)y(1 + y) log

1  x
x

+ y(1  2x+ 2x
2
+ y) log

1  y
y

:
We remark that the expression of f
M
(x; y) above is valid only for (x; y) 2R= f(x; y)2 [0; 1]
2
j (x 
y)^(x  1=2)g. The expression of f
M
(x; y) on the remainder of [0; 1]
2
can be easily obtained observing
that by symmetry we have f
M
(x; y) = f
M
(y; x) = f
M
(1 x; y) = f
M
(x; 1  y). The 3D and contour plot
of f
M
(x; y) are reported in Figure 1.
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Figure 1: Three-dimensional plot of f
M
(x; y), and contour lines corresponding to the values f
M
(x; y) = .5,
1, 1.5 and 2.
Observe that f
RW
is composed by the sum of three distinct components: the rst two components
are uniform, while the third component is not uniform, and has the minimum value of 0 on the boundary.
Hence, the minimum value of f is achieved on the boundary @R of R. The value of this minimum depends
on the choice of the mobility parameters. In particular, it is 0 if and only if t
pause
= p
stat
= 0. We can
then state the following corollary of Theorem 2:
Corollary 1. The minimum value of the density f
RW
is achieved on @R. The value of this minimum is
0 if t
pause
=p
stat
= 0, and it is h, for some constant h>0, otherwise.
Combining Corollary 1 with Theorem 1 we have the following theorem, which is the main result of
this paper:
Theorem 3. The critical transmitting range for connectivity of a packet radio network whose nodes move
in R = [0; 1]
2
according to the random waypoint model of parameters p
stat
, t
pause
and v
min
= v
max
= v
is r=c
q
logn
n
with high probability, for some constant c > 0, if p
stat
6= 0 or t
pause
6= 0. Otherwise, we
have r 
q
logn
n
with high probability.
Proof. First, we have to show that f
RW
satises all the hypotheses of Theorem 1. It can be easily
seen that f
RW
is continuous in R, which is connected and compact. However, @R is not smooth due
to the presence of the corners. This problem can be avoided by considering the region R
"
, obtained by
\rounding" the corners of @R with a portion of the circle of radius " (see Figure 2). The boundary of R
"
is smooth for any value of 0<"<1=2, and lim
"!0
R
"
= R.
4
Observing that min
R
f
RW
= min
R
"
f
RW
= min
@R
f
RW
= min
@R
"
f
RW
, we can write:
lim
n!1
n

M
(")
n

2
logn
= lim
n!1
n (M
n
)
2
logn
=

+1 if (p
stat
= 0) and (t
pause
= 0)
c for some c > 0; otherwise
;
almost surely, where M
(")
n
denotes the longest MST edge (hence, the critical transmitting range) when
nodes are distributed according to the restriction of f
RW
on R
"
. This concludes the proof of the theorem.

Figure 2: The corner of @R is rounded using a portion of the circle of radius ".
In words, Theorem 3 states that, as long as the spatial distribution has a uniform component, the
mobile critical transmitting range diers from the stationary one at most by a constant factor. Observe
that the constant c of Theorem 3 is dierent from the constant c of the stationary critical transmitting
range. If fact, it can be easily proved that c> c. On the contrary, when the uniform component is null
there is an asymptotic gap between the mobile and stationary case.
As observed in [12], the critical range to achieve k-connectivity, for any constant k, should have the
same asymptotic behavior as M
n
also in the case of arbitrary node distribution. Hence, a result similar
to that of Theorem 3 should hold for k-connectivity also.
4 Simulation results
In order to investigate whether the asymptotic result of Theorem 3 holds for reasonable value of n or
not, we have performed some simulations.
The simulator takes as input the number n of nodes to distribute, the number ]sim of simulations to
run and the number ]steps of mobility steps to perform for each simulation. The simulator also takes
as input the parameters of the random waypoint model, i.e. p
stat
, t
pause
(expressed as the number of
steps that the node remains stationary between two movements), and the minimum (v
min
) and maximum
(v
max
) velocity. Nodes are distributed uniformly and independently at random in [0; 1]
2
; then, they start
moving according to the random waypoint mobility model. At the end of the ]steps steps of mobility,
the longest MST edge is calculated and recorded in the output le. The values contained in the output
le are used to determine the critical transmitting range, which is dened as the 0.99 quantile of the
experimental data. We recall that the q quantile of a series of data gives the location before which 100q
percent of the data lie.
To verify experimentally the quality of Theorem 3, we have simulated three dierent scenarios. First,
we have considered the stationary case, obtained by setting ]steps=1. Then, a \uniform" mobile scenario,
i.e. a scenario that generates a node spatial distribution with non-null uniform component. Namely, we
set p
stat
= 0:1, t
pause
= 100 and v
min
= v
max
= 0:01. Finally, we have simulated the \non-uniform"
mobile scenario, obtained by setting p
stat
= t
pause
=0 and v
min
=v
max
=0:01. In each scenario, we have
distributed a number of nodes ranging from 10 to 2500 and, in case of mobility, we have performed 10000
5
mobility steps. As the experimental analysis of [2] has shown, this number of mobility steps ensures the
convergence to the asymptotic node spatial distribution.
The results of our simulations, averaged over 1000 experiments, are reported in Figure 3. As it is
seen, the qualitative result of Theorem 3 is fully conrmed: the curves for the stationary and \uniform"
mobile case are very close to each other, while that for the \non-uniform" mobile scenario is far apart.
As expected, the critical transmitting range in presence of \non-uniform" mobility is much larger than
in the stationary case for large values of n. Quite interestingly, the situation is reversed for small values
of n (n 75). This is due to the fact that when n is small, the probability of nding at least one node
close to the border is very low, and the critical transmitting range is smaller than in the stationary case
(nodes are concentrated in the center of the deployment region). However, when n is large enough, some
of the nodes actually lie close to the border of R, causing the asymptotic gap with respect to the uniform
case.
0
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Figure 3: Critical transmitting range in the stationary, mobile \uniform", and mobile \non-uniform"
scenario for values of n ranging from 10 to 2500 (note that the x-axis is in logarithmic scale).
5 Concluding remarks
In this note, we have investigated the relationship between the critical transmitting range in the stationary
and mobile case. We have proved that, under the hypothesis that nodes move according to the random
waypoint model, the asymptotic behavior of the mobile critical transmitting range depends on the choice
of the mobility parameters: if they are chosen in such a way that the uniform component of resulting
node spatial distribution is non-null, then the critical transmitting range is asymptotically the same as in
the stationary case. Otherwise, there is an asymptotic gap between the mobile and stationary scenario.
We have veried the quality of our results through simulations. The results of our simulations have
conrmed the intuition that in case of \non-uniform" mobility, the cost for maintaining all the nodes in the
network connected is very high: if we allow that nodes close to the border are temporarily disconnected,
considerable reductions of the transmitting range (and, consequently, of the energy cost) can be achieved.
Note that the results of this paper are valid for dense packet radio networks. As a future research,
we plan to extend our analysis to the case of sparse networks, investigating the asymptotic value of the
mobile critical transmitting range when the area of the deployment region grows to innity.
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